In this paper we characterize and construct semigroups whose right regular representation is a left cancellative semigroup. These semigroups will be called left equalizer simple semigroups. For a congruence ̺ on a semigroup S, let F[̺] denote the kernel of the extended homomorphism of F[S] onto F[S/̺] induced by the canonical homomorphism of S onto S/̺. We examine the colon ideals
Introduction and motivation
Let S be a semigroup. For an arbitrary element a of S, let ̺ a denote the transformation of S defined by ̺ a : s → sa (s ∈ S). It is well known that θ S = {(a, b) ∈ S × S : (∀x ∈ S) xa = xb} is a congruence on S; this congruence is the kernel of the homomorphism ϕ : a → ̺ a of S into the semigroup of all right translations of S. The homomorphism ϕ is called the right regular representation of S; this is faithful if and only if S is a left reductive semigroup (that is, whenever xa = xb for some a, b ∈ S and for all x ∈ S then a = b). For convenience (as in [2] or [3] ), the semigroup ϕ(S) is also called the right regular representation of S.
It is an interesting problem to find couples (C 1 , C 2 ) of classes C 1 and C 2 of semigroups for which the next assertion is true. A semigroup S belongs to C 1 if and only if the right regular representation of S belongs to C 2 .
It is easy to see that a semigroup S is right commutative (that is, it satisfies the identity xab = xba ( [6] )) if and only if the right regular representation of S is a commutative semigroup. A semigroup S is medial (that is, it satisfies the identity xaby = xbay ( [6] )) if and only if the right regular representation of S is a left commutative semigroup (that is, it satisfies the identity abx = bax ( [6] )).
By [11] , a semigroup S is called an M -inversive semigroup if, for each a ∈ S, there are elements x, y ∈ S such that ax and ya are middle units of S, that is, caxd = cd and cyad = cd is satisfied for all c, d ∈ S. In [3] , it is proved that a semigroup S is M -inversive if and only if the right regular representation of S is a right group (that is, a direct product of a right zero semigroup (satisfying the identity ab = b) and a group).
In Section 2, we define a special class of semigroups which contains all of the M -inversive ones. The semigroups belonging to this class will be called left equalizer simple semigroups. Extending the above mentioned result of [3] , we show that a semigroup S is left equalizer simple if and only if the right regular representation of S is a left cancellative semigroup (that is, xa = xb for some x, a, b ∈ S implies a = b). We give a construction, and show that a semigroup is left equalizer simple if and only if it is isomorphic to a semigroup defined by this construction.
Let P be a property of semigroups. A congruence ̺ on a semigroup S will be called a P congruence if the factor semigroup S/̺ has the property P .
In Section 3, we examine left equalizer simple congruences on semigroups. Let S be a semigroup and ̺ a congruence on S. As in [7] , let ̺ * denote the following congruence on S: (a, b) ∈ ̺ * for some a, b ∈ S if and only if (xa, xb) ∈ ̺ for all x ∈ S. We show that ̺ is a left equalizer simple congruence on a semigroup S if and only if the congruence ̺ * is a left cancellative congruence on S. For an arbitrary congruence ̺ on a semigroup S and an arbitrary field F, let F[̺] denote the kernel of the extended homomorphism of the semigroup algebra F[S] onto the semigroup algebra F[S/̺] defined by the canonical homomorphism of S onto the factor semigroup S/̺ (see [4] ). For an ideal J of F[S], let J| S denote the restriction of the congruence on F[S] defined by J to S. By Lemma 5 of Chapter 4 of [10] , for every semigroup S and every field F, the mapping J → J S is a surjective homomorphism of the ∧-semilattice of all ideals of F[S] onto the ∧-semilattice of all congruences on S such that F[̺]| S = ̺ for every congruence ̺ on S.
For a congruence ̺ on a semigroup S, consider the sequence
of congruences on S, where ̺ (0) = ̺ and ̺ (n) = (̺ (n−1) ) * for every integer n ≥ 1.
Let F be a field. Consider the sequence
of colon ideals of F[S], where
and, for every integer n ≥ 1,
The ways we derive
are similar. Thus it is a natural idea to find connection between the members of the above two sequences. As they are defined by induction, we can concentrate our attention only the first two members of the sequences. First of all we remark that
We show that, for an arbitrary field F and an arbitrary congruence ̺ on a semigroup S, the following inclusions hold
We also deal with the problem to find conditions for congruences ̺ on a semigroup S under which conditions one of the following equations holds:
We prove the following. Equation 
Left equalizer simple semigroups
Let S be a semigroup and H a non-empty subset of S. By the left equalizer of H we mean the set of all elements x of S for which |xH| = 1, that is, xa = xb is satisfied for all a, b ∈ H. It is clear that the left equalizer of H is either empty or a left ideal of S.
Lemma 1 On an arbitrary semigroup S, the following assertions are equivalent.
(i) The left equalizer of any two-element subset of S is either empty or S.
(ii) The left equalizer of any subset of S is either empty or S.
Proof. Assume (i). Let H be a non-empty subset of S. If |H| = 1 then the left equalizer of H is S. Consider the case when |H| ≥ 2. If x 0 ∈ S is in the left equalizer of H then, for every elements a, b ∈ H with a = b, we have x 0 a = x 0 b and so x 0 belongs to the left equalizer of the subset {a, b}. Thus every x ∈ S is in the left equalizer of {a, b}, that is, xa = xb for all x ∈ S. As a, b ∈ H are arbitrary, we have |xH| = 1 for all x ∈ S and so the left equalizer of H is S.
It is obvious that condition (ii) implies condition (i). ⊓
Definition 1 A semigroup S will be called a left equalizer simple semigroup if, for arbitrary non-empty subset H of S, the left equalizer of H is either empty or equal to S. Equivalently (see Lemma 1), for arbitrary elements a, b ∈ S, the assumption x 0 a = x 0 b for some x 0 ∈ S implies xa = xb for all x ∈ S.
A semigroup S is said to be left simple if S is the only left ideal of S. It is obvious that every left simple semigroup is left equalizer simple.
Lemma 2 Every M -inversive semigroup is left equalizer simple.
Proof. Let x 0 , a, b be arbitrary elements of an M -inversive semigroup S with x 0 a = x 0 b. Then there is an element y ∈ S such that yx 0 is a middle unit of S and so, for all x ∈ S, we have xa = xyx 0 a = xyx 0 b = xb. Hence S is left equalizer simple. ⊓
The next theorem is an extension of Theorem 1 of [3] .
Theorem 1 A semigroup S is left equalizer simple if and only if the right regular representation of S is a left cancellative semigroup.
Proof. Let S be a left equalizer simple semigroup. Let ϕ denote the canonical homomorphism of S onto the right regular representation of S. If
for some x 0 , a, b ∈ S then, for an arbitrary element x 1 ∈ S, we have
As S is left equalizer simple, it follows that xa = xb for all x ∈ S. Hence ϕ(a) = ϕ(b). Thus the right regular representation of S is a left cancellative semigroup. Conversely, assume that the right regular representation ϕ(S) of a semigroup S is left cancellative. If
in ϕ(S). As ϕ(S) is left cancellative, we get ϕ(a) = ϕ(b) which means that xa = xb for all x ∈ S. Thus S is a left equalizer simple semigroup. ⊓ Construction 1: Let T be a left cancellative semigroup. For each t ∈ T , associate a nonempty set S t such that S t ∩ S r = ∅ for every t = r. As T is left cancellative, x → tx is an injective mapping of T onto tT . For arbitrary couple (t, r) ∈ T × T with r ∈ tT , let f (t,r) be a mapping of S t into S r . For all t ∈ T , r ∈ tT , q ∈ rT ⊆ tT and a ∈ S t , assume (a)f (t,r) • f (r,q) = (a)f (t,q) . On the set S = ∪ t∈T S t define an operation ⋆ as follows: for arbitrary a ∈ S t and b ∈ S x , let a ⋆ b = (a)f (t,tx) . It is easy to see that (S; ⋆) is a semigroup such that each set S x (x ∈ T ) is a θ S -class of S.
Theorem 2 A semigroup is a left equalizer simple semigroup if and only if it is isomorphic to a semigroup defined in Construction 1.
Proof. Let (S; ⋆) be a semigroup defined in Construction 1. We show that (S; ⋆) is left equalizer simple. Assume x 0 ⋆ a = x 0 ⋆ b for some x 0 , a, b ∈ S. Let ξ, t, r ∈ T such element for which x 0 ∈ S ξ , a ∈ S t and b ∈ S r . Then (x 0 )f (ξ,ξt) = (x 0 )f (ξ,ξr) and so ξt = ξr in T . As T is left cancellative, t = r and so ηt = ηr for all η ∈ T . Thus, for every η ∈ T and x ∈ S η ,
Consequently S is a left equalizer simple semigroup.
To prove the converse, let S be a left equalizer simple semigroup. Then, by Theorem 1, the right regular representation T = ϕ(S) = S/θ S is a left cancellative semigroup. Construct the semigroup as in Construction 1 defined by the semigroup T = S/θ S . For arbitrary t ∈ T , let S t be the θ S -class of S for which ϕ(S t
Hence, S is isomorphic to the semigroup (S; ⋆). ⊓
Colon ideals, left equalizer simple congruences
According to the above definition of a P congruence on a semigroup, a congruence ̺ on a semigroup S is a left equalizer simple congruence if, for every a, b ∈ S, the assumption (x 0 a, x 0 b) ∈ ̺ for some x 0 ∈ S implies (xa, xb) ∈ ̺ for all x ∈ S. A congruence ̺ on a semigroup S is a left cancellative congruence if, for every a, b ∈ S, the assumption (x 0 a, x 0 b) ∈ ̺ for some x 0 ∈ S implies (a, b) ∈ ̺.
Theorem 3 A congruence ̺ on a semigroup S is a left equalizer simple congruence if and only if ̺ * is a left cancellative congruence on S.
Proof. Let ̺ be an arbitrary congruence on a semigroup S. As ̺ ⊆ ̺ * , we can consider the congruence ̺ * /̺ (see [5] ). By Theorem 5.6 of [5] , (S/̺)/(̺ * /̺) ∼ = S/̺ * . By Lemma 7 of [7] , ̺ * /̺ = ι * S/̺ . As ι * S/̺ = θ S/̺ , we get that the semigroup S/̺ * is the right regular representation of S/̺. Thus ̺ is a left equalizer simple congruence on S if and only if the factor semigroup S/̺ is a left equalizer simple semigroup. By Theorem 1, this last condition is equivalent to the condition that the right regular representation of S/̺, that is, the semigroup S/̺ * is left cancellative. This last condition means that ̺ * is a left cancellative congruence on S. ⊓ Remark 1 It is known (see, for example, Theorem 1 of [7] ) that a congruence ̺ on a semigroup S is a left reductive congruence if and only if ̺ = ̺ * . By Theorem 3, if ̺ is a left equalizer congruence on a semigroup S then ̺ (1) = ̺ * is a left cancellative congruence on S. As a left cancellative semigroup is left reductive, we have Theorem 4 For an arbitrary field F and an arbitrary congruence ̺ on a semigroup S,
Proof. The inclusion
be an arbitrary element. We show that
It is sufficient to show that, for every x ∈ S, xa ∈ F[̺]. Let M be the set of all ̺ (1) -class A of S which satisfy the following condition: there is an element s of S with a(s) = 0 and s ∈ A. Let
Recall that every element s ∈ S with a(s) = 0, is in some A j (j = 1, . . . , m). Let A + j denote the set of all elements s ∈ S which satisfy the following: a(s) = 0 and s ∈ A j . Let As the columns of the Cayley-table are pairwise distinct, S is left reductive and so the identity relation ι S on S is left reductive. Thus, by Theorem 1 of [7] , ι S = ι (1) S and so
It is a matter of checking to see that
This example shows that
| is not satisfied for an arbitrary congruence ̺ on a semigroup S.
In the next we deal with the problem to find conditions for congruences ̺ on a semigroup S under which conditions one of the following equations holds: ) ] is satisfied for a congruence ̺ on a semigroup S if and only if ̺ is a left reductive congruence.
Equation (a):
Proof. By Lemma 5 of Chapter 4 of [10] , F[̺] = F[̺ (1) ] is satisfied for a congruence ̺ on a semigroup S if and only if ̺ = ̺ (1) which is equivalent to the condition that ̺ is a left reductive congruence on S (see Theorem 1 of [7] ). ⊓ Equation Here we refer to [8] and [9] , where the finite semigroups S with condition Ann r (F[S]) = {0} were examined. Here we give a sufficient condition for a congruence ̺ on a semigroup S to be the equation (c) satisfied. Proof. Let ̺ be a left equalizer simple congruence on a semigroup. We must show that
By Theorem 4, it is sufficient to show that Let A denote a ̺ (1) -class of S. Let Y be the set of all elements y of S which satisfy a(y) = 0 and y ∈ A. Assume Y = {s 1 , . . . , s r }. Then the elements x 0 s 1 , . . . , x 0 s r are in the same ̺-class B of S. If s ∈ S is an element such that a(s) = 0 and x 0 s ∈ B then, for example,
As ̺ is a left equalizer simple congruence, we have (xs, xs 1 ) ∈ ̺ for all x ∈ S which means that (s, s 1 ) ∈ ̺ (1) . Consequently, for an element s ∈ S, with a(s) = 0, x 0 s ∈ B if and only if s ∈ A. As
Thus we proved that the sum of the coefficients of all s ∈ S belonging to the same ̺
(1) -class of S is zero. Hence
Consequently,
⊓
Remark 2 Let S be a finite semigroup and F an arbitrary field. By an Smatrix over F we mean a mapping of the direct product S × S into F. The set F S×S of all S-matrices over F is an algebra over F under the usual addition and multiplication of matrices and the product of matrices by scalars. A homomorphism γ of a semigroup S into the multiplicative semigroup of the full matrix algebra F n×n of all n×n matrices over a field F is called a matrix representation of S of order n. We say that γ is faithful if it is injective.
For an element s ∈ S, let R (s) denote the S-matrix defined by
where 1 and 0 denote the identity element and the zero element of F, respectively. This matrix is called the right matrix of the element s of S. The mapping R F : s → R (s) is a matrix representation of S over F (see, for example, Exercise 4 in §3.5 of [4] ). R F describes in terms of matrices R (s) the maps x → xs. Thus, it is essentially the right regular representation. It is obvious that a semigroup containing an identity element is left reductive. Thus, for an arbitrary finite semigroup S, the restriction R ′ F of the right regular matrix representation of S 1 to S is a faithful matrix representation of S. The matrices {R ′ F (s); s ∈ S} are also linearly independent over F. If S is an arbitrary finite n-element left reductive semigroup then the system {R F (s); s ∈ S} has n pairwise different matrices, but these matrices are not linearly independent over F, in general. The system {R F (s); s ∈ S} is linearly independent if and only if the semigroup algebra F[S] has a trivial right annihilator ( [8] , [9] 
) is trivial and so (if S is finite) the right regular matrix representation of the factor semigroup S/̺
(1) is faithful and the system {R F (s); s ∈ S/̺ (1) } of matrices is linearly independent over F. [7] , this is equivalent to the condition that the factor semigroup S/̺ is an ideal extension of a left zero semigroup by a null semigroup. ⊓
